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What is Thermal Creep

A temperature gradient induced flux towards the higher
temperature

Only observable at “high” Knudsen Numbers
Knudsen Number Kn = λ

D .
λ is the mean free path and D the “Size” of the system
“High” means Kn ≥ 1 achieved by down scaling or
rarefying
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Premises for Thermal Creep

What you need:
Molecules hardly interact with each other
=⇒ their velocity v is determined by where they came from
Interaction with wall is diffusive
=⇒ at dS the molecules are set to a new T and new
isotropic v
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Explanation for Thermal Creep

What happens:
Incoming molecules leave dS with zero mean tangential
momentum p̄x = 0 (diffusive “reflection”!)
The tangential momentum px was transmitted to the wall at
dS
Because px from molecules hitting dS coming from hot
side is larger than the ones coming from cold side
=⇒ net momentum transfer p̄x on wall towards cold side
Conservation of momentum =⇒ gas receives −p̄x
=⇒ Flux towards hot side

Moritz Nadler Simulation of thermal creep in light mills



Thermal Creep and light mills
Simulation of rarefied gases

My Diploma thesis

Explanation
History of thermal creep and light mills
Light mills

Explanation for Thermal Creep

What happens:
Incoming molecules leave dS with zero mean tangential
momentum p̄x = 0 (diffusive “reflection”!)
The tangential momentum px was transmitted to the wall at
dS
Because px from molecules hitting dS coming from hot
side is larger than the ones coming from cold side
=⇒ net momentum transfer p̄x on wall towards cold side
Conservation of momentum =⇒ gas receives −p̄x
=⇒ Flux towards hot side

Moritz Nadler Simulation of thermal creep in light mills



Thermal Creep and light mills
Simulation of rarefied gases

My Diploma thesis

Explanation
History of thermal creep and light mills
Light mills

Explanation for Thermal Creep

What happens:
Incoming molecules leave dS with zero mean tangential
momentum p̄x = 0 (diffusive “reflection”!)
The tangential momentum px was transmitted to the wall at
dS
Because px from molecules hitting dS coming from hot
side is larger than the ones coming from cold side
=⇒ net momentum transfer p̄x on wall towards cold side
Conservation of momentum =⇒ gas receives −p̄x
=⇒ Flux towards hot side

Moritz Nadler Simulation of thermal creep in light mills



Thermal Creep and light mills
Simulation of rarefied gases

My Diploma thesis

Explanation
History of thermal creep and light mills
Light mills

Equation of steady state

In two containers connected with a capillary one can get in the
steady state

Kn =∞→ P1

P2
=

√
T1

T2
, Kn = 0→ P1 = P2 (1)
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Steady state flux profile

Thermal transpiration and pressure induced flux add up to zero
net flux in steady state
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Today’s Importance: Knudsen pumps as part of MEMS

Knudsen pumps < 1 mm already exist
The pumps can be part of microelectromechanical
systems (MEMS)
MEMS promise to be cheap an easy measuring and
manipulating devises =⇒ “Lab on a Chip” or medical
implants
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Time-scale

In 1879 O. Reynolds and J. C. Maxwell published first
papers on Thermal Transpiration
Their motivation was to explain the physics of the light mill
O. Reynolds used experiments with porous material to
prove existence of Thermal Transpiration
In 1910 Knudsen made further experiments with porous
materials
He suggested to use Thermal Transpiration to build
compressors / pumps without moving parts or working
fluids
In the 1990s first microknudsenpumps were build in labs
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What is a light mill?

Glass container with very low
pressure < 10 Pa
Vanes start to turn if light (e.g. sun)
shines on them
Each vane has a black and a silver
side. Silver sides move forward
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Light mills 1

In the 1870s W. Crookes build and examined light mills
They were used for light intensity measurements
Lots of wrong explanations came up at that time e.g.:

Radiation pressure
Pressure differences between hot and cold side of vanes
Vanes evopourate gas when getting hot
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Light mills 2

Since 1879 T.C. is known to act in light mills
In the 1920s more theoretical work was done e.g by P.
Epstein and A. Einstein
In the 1930s the conclusion was: Several rarefied gas
effect play a role and T.C is a major one
Situation today is not much different besides more effects
are known today that could play a role in light mills
The wrong explanation are still everywhere: Teachers tell
them, in encyclopaedias, on the light mill packages
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Thermal transpiration in light mills

If the sides of the vanes have different T → ∆T must exist
on edges
=⇒ There is a T.C flow around the edges from the cold to
the hot side
This flow induces a shear stress opposite to the flow
direction s = µ

∂uy
∂x

=⇒ Light mill turns with silver side leading
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Experimantal data

Rotation frequency f measurements on light mills give:
f depens on the pressure P in the container of the light mill
At a certain P f has a maximum. When P → 0 or P →∞
f → 0
f depends linear on power of light source
The P where f has a maximum does not change with light
power
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Experimantal data: f (p)-figure

 0

 2

 4

 6

 8

 10

 12

 14

 16

 0  5  10  15  20

f (
H

z)

P (Pa)

high light intensity
low light intensity

Moritz Nadler Simulation of thermal creep in light mills



Thermal Creep and light mills
Simulation of rarefied gases

My Diploma thesis

Outline

1 Thermal Creep and light mills
Explanation
History of thermal creep and light mills
Light mills

2 Simulation of rarefied gases

3 My Diploma thesis

Moritz Nadler Simulation of thermal creep in light mills



Thermal Creep and light mills
Simulation of rarefied gases

My Diploma thesis

Problems with rarefied gases

Surface effects dominate
λ & the mean time between two collisions τ are high
=⇒ Even locally the gas is not in thermodynamic
equilibrium ( respectively does not obey the Maxwell
distribution)
=⇒ Premises for classical Hydrodynamics are not fulfilled
so Navier-Stokes equations with no-slip boundary
condition vwall = vfluid(at wall) is no realistic model for
rarefied gases

Moritz Nadler Simulation of thermal creep in light mills



Thermal Creep and light mills
Simulation of rarefied gases

My Diploma thesis

Problems with rarefied gases

Surface effects dominate
λ & the mean time between two collisions τ are high
=⇒ Even locally the gas is not in thermodynamic
equilibrium ( respectively does not obey the Maxwell
distribution)
=⇒ Premises for classical Hydrodynamics are not fulfilled
so Navier-Stokes equations with no-slip boundary
condition vwall = vfluid(at wall) is no realistic model for
rarefied gases

Moritz Nadler Simulation of thermal creep in light mills



Thermal Creep and light mills
Simulation of rarefied gases

My Diploma thesis

Hydrodynamical regimes

This empirical overview gives only a rough feeling for the order
of magnitude

Classical continuum regime Kn < 0.001
−→ Navier-Stokes equations with classical no-slip
boundary condition
Continuum regime with wall slip 0.001 < Kn < 0.1
−→ Navier-Stokes equations with slip boundary condition
Transition regime 0.1 < Kn < 10
−→ as of today best models and equation are topic to
research
Free molecular flow Kn > 10
−→ mechanical models
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Possible methods to get models for rarefied gases

For the continuum model:
derive new boundary conditions that allow the gas to slip at
wall and T.C
derive hydrodynamic equations that are valid for gases not
in local thermodynamic equilibrium

For the particle / mechanical models:

Make enough approximations to allow the a simulation of
such large number of molecules
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Continuum models: New boundary conditions

In 1879 Maxwell derived boundary conditions that
introduce wall slip and T.C. to classical hydrodynamics.
This is the 2D version:

ux (Γ ) =
2− σ
σ

λ

(
∂ux

∂n
+
∂un

∂x

)
+

3µ
4ρT

∂T
∂x

σ: fraction of molecules reflected diffusively,
ux/n: velocity component tangential to wall / normal to wall,
µ: gas viscosity, ρ: density
Γ : boundary line between gas and wall
The linearity of the terms comes from first order
approximations of general functions
There are still widely used in rarefied gas simulations
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Continuum models: Higher order hydrodynamic eq.

Higher order hydrody. eq. can be derived by solving the
Boltzmann eq. with an approximated solution of the
distribution function f (r ,v , t)
This method is called the Champman-Enskog-Expansion
For N = 1 (first order approximation) the Navier-Stokes eq.
can be derived
For N = 2 (N = 3) the (Super-) Burnett eq. can be derived
The Burnett eq. have additional higher order derivatives
compared to Navier-Stokes
Due to their construction they should be valid for lager λ
(larger Kn) and gases further away form thermody.
equilibrium respectively (e.g. rarefied gases
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Comparison particle / continuum models for rarefied
gases

Particle models are the most fundamental ones with
respect to the kinetic gas theory
Particle models consume more computing power /
resources than continuum approaches
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Method chosen for thesis

2D compressible Navier-Stokes eq. with heat eq. plus two
rarefied gas effects:

Maxwell’s wall slip and thermal transpiration

ux (Γ ) =
2− σ
σ

λ

(
∂ux

∂n
+
∂un

∂x

)
+

3µ
4ρT

∂T
∂x

Smoluchowski’s temperature jump

TG − TW =
2− σT

σT

2γ
γ + 1

λ

Pr
∂T
∂n
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How it was implemented

With the open source finite element solver “Elmer” just a
few 100 lines of Fortran 90 code where needed for the BCs
Gmsh was used for drawing the geometry and filling it with
finite elements
Current implementation works with any 2D geometry and
should be easily extendible to 3D or the inclusion of
additional physical effects.
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additional physical effects.
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How results comparable to experiments were obtained

With Gmsh a 2D light mill wing was modeled that
resembled one from experiments
A reference Pressure P and different T on the upper and
lower side with linear gradient on the edges was set
The viscose force F was calculated with the steady state
velocity profile

F =

∫
A

Sn̂ do

S = 2µE− 2
3
µ(∇u)I− PI with Ei,j =

1
2

(
∂ui

∂xj
+
∂uj

∂xi

)
Finally the torque D was calculated with F

D = r × F
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Mesh of simulated light mill wing

Wing is 2.3 cm× 0.015 cm. The distance to the outer boundary
is 2 cm.
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Close up of left wing edge

Round “edges” to prevent grid resolution dependant peaks in
F -values
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Results: T distribution

Results for Air with P = 4 Pa, T = 293 K and ∆T = 20 K on the
wings
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Results: speed distribution

Results for Air with P = 4 Pa, T = 293 K and ∆T = 20 K on the
wings

Moritz Nadler Simulation of thermal creep in light mills



Thermal Creep and light mills
Simulation of rarefied gases

My Diploma thesis

Results: velocity distribution around left edge

Results for Air with P = 4 Pa, T = 293 K and ∆T = 20 K on the
wings
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Results: Fx on wing
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Results: Fy on wing
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Results: torque D(P)

When steady state is reached and D is calculated the
simulation is restated with new reference pressure P. This
gives:
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Results: torque D(P) for large P
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Decrease of D with increasing P is to low!
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Results: change of D(P) with ∆T

Every D value scales linear with ∆T =⇒ optimal P remains
constant
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Results: change of Dmax with ∆T

Dmax scales linear over wide range of∆T
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Comparison of simulation and experiment

Good:
D(P) graphs share basic characteristics: a maximum at
low P and D → 0 for P → 0 or P →∞
D scales linear with ∆T / light intensity
Optimal pressure is independent of ∆T

Bad:
Dmax seems to be to low: ∆T = 40 K needed to match
experiment, but no experimental data for ∆T available
Decline of D with raising P is too small in simulation
Optimal pressure is a bit too high in simulation
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Results not compared with experiment

Thickness of wing influences shape of D(P) graph
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Reasons for discrepancy between simulation and
experiment / possible improvments

Should be relatively easy to implement:
Strange peaks in F . Solved: They disappear when drawing
wing with cubic splines
3D calculation instead of 2D. Because the shape of the
wing influences D(P) this should also have an effect.
Better modeling of the irregular shaped wing edge. Could
influence D(P) because of same reason as above.
Using a 4 wing model with circular outer boundary. But
some early calculations indicate that this has no big effect.
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Reasons for discrepancy between simulation and
experiment / possible improvements

Should be more difficult to implement:
Navier-Stokes eq. are not good enough in this hydro.
regime. And related:
Not enough rarefied gas effect are implemented

Possible solution =⇒ implement Burnett eq. with higher order
boundary conditions

Use dynamic light mill with rotating wings

Not possible with current approach.
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Final remarks

It was not possible to fully explain the light mill with NS eq.
and Maxwell’s and Smoluchowski’s BCs
There are no other useful simulation results in literature so
this work is probably still the best

Although invented in the 1870s the light mill is not fully
understood today. Sadly nearly no research on light mills was
done after the 1930s
As always: more experimental and theoretical work is needed
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The end

This is the end
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